Strong nonlinearity at the single photon level represents a crucial enabling tool for optical quantum technologies. Here we report on experimental implementation of a strong Kerr nonlinearity by measurement-induced quantum operations on weak quantum states of light. Our scheme coherently combines two sequences of single photon addition and subtraction to induce a nonlinear phase shift at the single photon level. We probe the induced nonlinearity with weak coherent states and characterize the output non-Gaussian states with quantum state tomography. The strong nonlinearity is clearly witnessed as a change of sign of specific off-diagonal density matrix elements in Fock basis.
The resulting unitary transformation of the quantum state of the optical mode is diagonal in Fock basis, which means that each Fock state |n acquires a phase shift which is a non-linear function of n,
|n → e iΦn(n−1) |n ,
where Φ = κt. Strong Kerr nonlinearity with Φ ≈ 1 would enable e.g. generation of macroscopic superpositions of coherent states [25] , implementation of entangling quantum gates for universal quantum computing [26] , and complete Bell state measurement in quantum teleportation [27, 28] .
Here we report on the experimental implementation of a strong Kerr nonlinearity by measurement-induced quantum operations on weak quantum states of light. Specifically, we emulate this interaction on the smallest non-trivial subspace spanned by the vacuum, single-photon and two-photon states, |0 , |1 and |2 . In this subspace, the Kerr interaction transforms a generic input state according to
We target a Kerr nonlinearity with Φ = π/2, which induces a π-phase shift of the two-photon Fock state with respect to states |0 and |1 . Up to a linear π-phase shift which flips the sign of odd Fock states, and an unimportant overall phase factor −1, this is equivalent to a π-phase shift in the amplitude of the vacuum state on the three-dimensional subspace considered, i.e.,
The change of sign in the amplitude of the vacuum component is thus the signature of the strong Kerr nonlinearity that we wish to demonstrate in our experiment. We do this by using weak coherent states as the input of an approximate Kerr Hamiltonian implemented with coherent superpositions of sequences of photon additions and subtractions [29] (see Fig. 1 (a) for a schematic view of the experiment). Conditional photon subtraction is usually implemented with the help of a highly unbalanced beam splitter and a single-photon detector, whose click heralds successful photon subtraction, which is mathematically described by the annihilation operatorâ [30] [31] [32] . To conditionally add a single photon, the input light beam is sent to a signal input port of a non-linear crystal, where parametric down-conversion takes place. Detection of a photon in the output idler port of the crystal heralds the generation of a twin photon in the signal mode, and this operation can be described by the action of a creation operatorâ † [33] . Since the creation and annihilation operators do not commute, the sequenceŝ aâ † andâ †â represent two different operations, as verified experimentally [32] . An interferometric scheme allows us to implement arbitrary coherent superpositions of these two elementary sequences, Aââ † +Bâ †â by erasing the information whether the photon subtraction took place before or after the photon addition. Taking into account thatâ †â =n andââ † =n + 1, we can thus design an arbitrary operation which is a linear function of the photon number operator, V (n) = (A + B)n + A. We already demonstrated the reliability of such a scheme for the first direct experimental verification of the bosonic commutation rules [34] and for the realization of a quantum state orthogonalizer [35] .
Here, we want to conditionally implement the gate of Eq. (4) by means of the transformation V (n), therefore we need to set V (1)/V (0) = −1 and V (2)/V (1) = 1. Although these conditions cannot be satisfied for any A and B, we can make our task feasible by allowing for a simultaneous noiseless amplification [36] of the output state,
where g > 1 is a gain factor. The equations V (1)/V (0) = −g and V (2)/V (1) = g now possess a non-trivial solution B/A = −3 − √ 2, which yields g = √ 2 + 1. If wishing to achieve the nonlinearity of Eq. (4) without amplification, one could either use two photon subtractions and additions instead of one [37] , or the output state of Eq. (5) could be noiselessly attenuated [38, 39] with the help of a beam splitter with amplitude transmittance t = 1/g, a highly efficient single-photon detector, and conditioning on observation of no photons at the auxiliary output port of the beam splitter. Note, however, that the additional noiseless amplification in Eq. (5) does not spoil the signatures of nonlinearity. On the contrary, it is actually beneficial, because we intend to probe the quantum operation with weak coherent states and the amplification makes the observed nonlinear effect even more visible.
The experiment requires the precise and stable setting of the relative weights and phases of the operator superposition to implement the desired conditional transformation, which is then tested by using a set of weak coherent states as the input. The resulting output states are subjected to balanced homodyne detection and finally analyzed via a full quantum state tomographic reconstruction.
Differently from the previous realizations based on a bulk fiber optic interferometer [34] , here we choose to exploit the polarization degree of freedom for realizing a more compact and phase-stable setup that enables us to meet the stringent requirements on the operator superposition. Figure 1(b) shows a more detailed view of the experimental setup. A mode-locked Ti:sapphire laser emitting 1.5 ps long pulses at 786 nm is frequency-doubled to pump the 3-mm long bulk β-barium borate (BBO) crystal for frequency-degenerate, non-collinear parametric down-conversion (PDC). A small part of the laser emission constitutes, after proper attenuation, the input coherent states |α that are injected in the signal mode of the PDC crystal for conditional photon addition, heralded by clicks in the avalanche photodiode (APD A ) placed after narrow spectral and spatial filters (F) in the idler mode. Two half-wave plates (HWP) are placed in the signal mode, respectively before and after the PDC crystal. If the two plates are rotated by very small angles, then each HWP transfers a tiny portion of the signal light into the orthogonal polarization component, which does not contribute to PDC and is detected after a polarizing beam splitter (PBS) by another avalanche photodiode (APD S ). A click of this detector thus heralds subtraction of a single photon from the signal pulse that could have occurred either before or after photon addition. The relative (real) amplitudes of the termsââ † andâ †â in the superposition heralded by a coincidence between APD A and APD S can be finely controlled by rotating the two HWPs by different angles.
In order to prepare complex superpositions, one might add a quarter wave plate right after the first HWP, but this is not necessary for the present experiment. However, we do add a compensating BBO crystal (not shown in the figure for simplicity) to cancel the spatiotemporal walk-off of the two orthogonally polarized pulses (and thus the partial distinguishability between the two 'subtraction' beams) due to the birefringence of the PDC crystal.
This polarization-based scheme is inherently interferometrically stable because the main polarization component of the signal light pulse and the orthogonally-polarized subtraction pulses follow the same path until they are separated by the PBS. After the PBS, the signal pulse is directed towards a time-domain balanced homodyne detector [40, 41] using another portion of the laser emission as the reference local oscillator pulses. The detector thus acquires phasedependent quadrature data corresponding to the input coherent states |α in its free-running mode, whereas APD A -APD S coincident clicks herald quadrature measurements on the conditional output states.
A full tomographic reconstruction is performed on the input and output states for three different values of the input coherent state amplitude, α= 0.23, 0.53 and 0.79. We use an iterative maximum likelihood procedure [42] [43] [44] incorporating the effect of a finite (η det = 0.66) detector efficiency to reconstruct the density matrices in a 8x8 space in the Fock basis. The reconstructed density matrices are shown in Fig. 2 together with those calculated by applying the V (n) operator on the input coherent states. The desired Kerr nonlinearity signature is evident in all the experimental data. All the off-diagonal terms containing a vacuum contribution are clearly negative, witnessing the expected sign change in the amplitude of the vacuum component. However, when comparing the experimental density matrices to those expected according to the V (n) transformation with ideal parameters B/A = −3 − √ 2 (rightmost column in Fig. 2 ), some discrepancy is apparent. The most notable is the appearance of a small imaginary component. We find that all the experimental results can be reproduced very well by using a single set of modified parameters in the V (n) transformation, corresponding to a B/A ratio of −5.97 and to an additional phase of about −π/7 between the two terms in the operator superposition. Such small deviations from the ideal configuration, which only marginally affect the signatures of the sought nonlinearity, are fully compatible with the delicate alignment and setting of the proper small rotation angles in the waveplates responsible for the operator superposition.
It is instructive to compare our scheme with the nonlinear sign gate proposed by Knill, Laflamme and Milburn [18] , which is schematically depicted in Fig. 3 . The nonlinear sign gate conditionally implements the transformation (4) and requires one auxiliary input single photon. To make a fair comparison with our setup, we include in Fig. 3 unbalanced beam splitters with suitably chosen transmittances. Single photon detectors monitor the two auxiliary output ports of the interferometer and successful implementation of the gate (4) is heralded if a single photon is detected by APD B and no photon is detected by APD C .
We can see that the the setup shown in Fig. 3 and our scheme depicted in Fig. 1 require comparable resources, namely production of one auxiliary photon pair in a nonlinear crystal and detection of two single photons. However, the nonlinear sign gate in Fig. 3 requires perfect photon number resolving detectors for reliable operation, while with our present approach a high-fidelity implementation of the transformation (5) can be achieved even with ordinary imperfect on-off avalanche photodiodes. Note that the scheme in Fig. 3 also requires projection of one output auxiliary mode onto vacuum. In our scheme in Fig. 1 this additional ingredient of projection onto vacuum could be used for noiseless attenuation of the output signal mode, which would allow us to implement the exact nonlinear sign gate (4) instead of its amplified version (5).
In conclusion, we have successfully demonstrated a heralded scheme based on sequences and superpositions of single-photon additions and subtractions that is able to emulate the action of a strong Kerr nonlinearity on quantum states of light. We tested it on various weak coherent states and showed the clear expected signature of the operation, consisting in the selective change in the sign of the vacuum component. In contrast to linear-optical quantum gates for single-photon qubits [20, 21] , our scheme is not restricted to single-photon inputs, but we have shown it to work for arbitrary superpositions of Fock states while preserving the quantum coherence. Moreover, the scheme is not based on post-selection, but the successful implementation of the operation (5) 
